We consider the primordial gravity wave background produced by inflation. We compute the small anisotropy produced by the primordial scalar fluctuations.
Introduction
The theory of inflation predicts a stochastic background of gravity waves, which were produced by quantum effects [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . To leading order, this is a statistically homogeneous and isotropic background. However, at higher orders we expect some influence from the scalar fluctuations. In the same way that the cosmic microwave radiation is not isotropic, but has small anisotropies of order 10 −5 , the gravity wave background is also not isotropic but has small anisotropies of the same order, also due to the scalar fluctuations. At relatively large angles, which correspond to scalar fluctuations entering the horizon during matter domination, the main effect is due to the Sachs-Wolfe effect [16] . Namely we start locally with the same spectrum of gravity waves, which are then red or blue shifted by an amount proportional to the amplitude of the scalar fluctuations. The overall observable effect then depends on the frequency dependence of the spectrum of the gravity waves, which is determined by the properties of the universe when the gravity wave mode crosses the horizon, both exiting and reentering.
Of course, given that we have not yet measured the leading order gravity waves, the effects that we discuss in this paper are not going to be measured in the near future. However, it is a theoretically interesting effect, and we trust in the ingenuity of current and future experimentalists! This paper is organized as follows. We first give a quick review of the leading order gravity wave background. Then, we discuss its anisotropies, focusing on relatively large angles which correspond to scalar fluctuations that entered the horizon after matter domination. We also focus on gravity waves that entered the horizon in the radiation dominated era, which would correspond to wavelengths that could be measured directly by gravity wave detectors.
Gravity waves from inflation at leading order
We can view the leading order effect as the result of a Bogoliubov transformation between the vacuum in the very early inflationary period and the vacuum today [1] . In other words, expanding the Einstein action to quadratic order we get an action for each of the two polarization components of the gravity waves. Each polarization component obeys an equation equal to that of a minimally coupled scalar field in the spatially uniform time dependent cosmological solution. This background metric can be written as
, where η is conformal time. Due to translation symmetry, we can focus on one comoving momentum mode k at a time. Each of these modes undergoes the following history. It starts its life well inside the horizon in the adiabatic vacuum. It then exits the horizon during inflation at some time η * ,k , where η * ,k k = 1. It then remains with constant (time independent) amplitude until it reenters the horizon. When the mode is well inside the horizon it is oscillating and redshifting as any other massless particle. See figure 1 . The solution well inside the horizon is given by the WKB approximation. In order to match the solution well inside to the one well outside the horizon, we need to solve the equation during horizon crossing. During horizon crossing we can approximate the evolution of the background in terms of a fluid with a constant w, where p = wρ, so that a(η) ∝ η (kη), with ν = 2/(1 + 3w). We will call the time of horizon reentry,
constant , Matching the solutions we find that the normalized solution has a late time behavior of the form
Here k 0 is a reference comoving momentum 1 . The factor of k 0 k +ν arises because, as we move k away from k 0 , we are crossing the horizon earlier or later. Here φ 0 is the initial phase of the wave, which is − πν 2
, but is unmeasurable for the gravity waves we consider. The redshift after horizon reentry is encoded in the factor 1/a(η) in (2.1).
The final density of gravity waves is proportional to the square of (2.1). We can express it in terms of the energy density or number density as follows
where N k is a density of states as a function of k and ω = k/a is the physical energy of the waves. The factor of two comes from the two polarization states. It is useful to think in terms of N k because this is conserved after horizon reentry. Notice that N k is essentially given by the ratio of the Hubble constants at horizon crossing. We have also made more explicit the form of the spectrum by defining an arbitrary reference momentum k 0 . In the case of photons we would get the usual thermal distribution for N k . We see that the spectrum is determined by the equation of state at the horizon crossing times. More generally, the spectrum of gravity waves encodes the whole expansion history of the universe [11, 12, 13, 14, 15] .
Anisotropy
We are interested in the anisotropy of the gravity waves that comes from the interaction with the scalar fluctuations. We will concentrate on the anisotropy at relatively large angular scales, which is produced by long wavelength scalar fluctuations. More precisely, we consider a scalar fluctuation mode with a momentum k L which reenters the horizon during the matter dominated era. In order to find the effect on the gravity waves, it is important to solve the equation of motion for the mode ζ k L after it reenters the horizon. We then consider the propagation of the gravity waves through that perturbed universe. This computation is essentially identical to one done for photons, which is the so called Sachs-Wolfe effect [16] . We can work in the gauge where the matter density is constant so that the fluctuation is purely on the scale factor of the spatial part of the metric of the surfaces with constant density. In that gauge ζ k L continues to be constant after crossing the horizon, but the metric develops a g 0i component that should be computed by first considering w > 0 and taking w → 0 at the end of the computation [17] 2 . Then the perturbed metric has the form ds
Solving the geodesic equation on this perturbed metric we find that the extra redshift for a massless particle emitted at an early time and observed today is
where ζ today is the value at the location of the observations today, while ζ emitted is the value of ζ at the location where the massless particle was emitted, when the mode ζ k L was outside the horizon (so that we can neglect the "doppler term" 3 ). Since ζ is time independent, ζ emitted = ζ( x e = nη 0 ) where η 0 is the present value of the conformal time and n is the direction that the massless particle is coming from 4 . We then assume that at the emission time the local physics is completely independent of the long scalar mode, which is well outside the horizon. As usual, when we compare the energy coming from different directions ζ today cancels out, see figure 2. 
The discussion so far is identical to the discussion of the Sachs Wolfe effect for the CMB. The only difference is that the spectrum of gravitons is not thermal, but it is instead given by a power law distribution (ω 0 /ω) 2(ν+1+ ) , (2.2). Instead of (δT /T ) SW = −ζ/5, we simply vary δω 0 /ω 0 = −ζ/5. More explicitly, if we look at the spectrum of gravity waves as a function of frequency ω coming from the direction n, we obtain
were dρ(ω) is the isotropic part of the spectrum, given in (2.2). This result can be derived also using cosmological perturbation theory, performing the computation of the three point function as in [19] and following the evolution to the present, the details will be presented separately [20] . Here we have neglected the integrated Sachs Wolfe effect which is due to the cosmological constant. This can be taken into account, as in the case of photons.
Since the same effect is giving rise to fluctuations in the CMB and in the gravity wave spectrum, we can also write the formula as
where the subindex indicates the contribution from the Sachs-Wolfe and the integrated Sachs Wolfe effect. The discussion so far has not included the damping effect of the neutrinos [18] . This is expected to be a local effect which will not depend on the long mode. For that reason the final formula as written in (3.5) would also be correct if one inserts the full N k expression that includes the effects of the neutrinos. We can view this equation as a consistency condition for a single field inflation. Usually, the consistency condition is discussed for the wavefunction of the universe outside the horizon [19, 21] (see also [22] ), but as emphasized in [23] the physical content of that condition is that a local observer cannot notice the long fluctuation. It is a manifestation of the equivalence principle. Furthermore, the final answer could be viewed as arising from a projection effect due to the propagation of the massless particles through the perturbed universe. Furthermore, since the whole effect comes from late time projection effects, the final formula (3.5) is valid also for gravity waves that are generated by any process that happened before the long mode crossed the horizon, such as phase transitions in the early universe, for example 5 . Any deviation away from this expression (3.5) would be evidence of a second field which would be affecting the relative densities of gravity waves relative to everything else. We think that this would occur in the curvaton models [24, 25, 26] .
Since the fluctuations are very small, of order 10 −5 , these are rather difficult to measure. In addition, we should remember that we are dealing with a stochastic background, so that the observed gravity wave over a small number of cycles is fairly random, and the statement in (3.5) is about the deviation in the variance of that random variable. This means that we need to measure this random variable many times. For the case of random waves, we can view each cycle of the wave as one instance of the random distribution. This means that to reach this accuracy we need to observe of order 10 10 cycles in each angular direction. For waves a frequency of f [Hz] we need about 300/f years.
